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ABSTRACT: The two-parameter model of polymer-polymer excluded volume in conjunction with the 
renormalization group has recently been generalized to include an interacting plane surface. This system 
has two types of volume exclusion, the usual polymer-polymer excluded volume interaction and the “excluded 
volume” constraint of the boundary. A comparison is made between fiist order in e (e = 4 - d) renormalization 
group calculations and the results of several Monte Carlo and direct enumeration studies. Special emphasis 
is given to radial properties such as the end-vector distance (R2) and the moments (R,) and (RL2)  that 
characterize the average projection of the end-vector distance normal to  the plane. Many of these properties 
have been calculated in previous work, but some new renormalization group calculations are performed for 
a more complete comparison with Monte Carlo data. Dimensionless combinations of radial properties for 
a polymer attached to a surface and of the end-vector distance of a free chain are considered in the limit where 
the magnitudes of the polymer-polymer and polymer-surface interactions are large or vanishing. Dimensionless 
ratios in these limits should be independent of the details of the underlying lattice or of specific short-range 
interaction potentials, aside from presumably small contributions arising from ternary interactions. Comparison 
between the renormalization group theory and lattice data indicates qualitative agreement; however, longer 
chains must be considered for a quantitative test of the theory. 

1. Introduction 
Large-scale properties of polymers in the vicinity of an 

interface are determined by a subtle interplay of poly- 
mer-polymer and polymer-surface interactions. There is 
a competition between the gain of internal energy with the 
formation of attractive surface contacts and the loss of 
configurational entropy due to the proximity of the sur- 
face.’ An understanding of these interactions, which can 
considerably modify polymer properties relative to those 
of a free polymer chain, is very important for numerous 
applications in the study of adhesion,2 stabilization of 
colloidal  dispersion^,^ gel permeation chromatography,4 
and many other  area^.^,^ The mathematical description 
of this problem is also of intrinsic interest due to its re- 
lation to the theory of self-avoiding and random walks in 
the presence of boundary constraints. Interesting parallels 
exist between the polymer-polymer and polymer-surface 
excluded volume  interaction^.^ In addition, the theory of 
a polymer adsorption is closely related to a wide class of 
phase transition behavior, such a surface m a g n e t i ~ m , ~ ~ ~  
wetting,l0 polymer collapse, the helix-coil transition” in 
biopolymers, etc., which collectively belong to a family of 
“order-disorder” transitions. Thus, due to practical and 
purely theoretical reasons, there is considerable interest 
in developing a precise statistical mechanical theory of 
surface-interacting polymers. 

Models of increasing sophistication have been devised 
over the past 30 years. Simha et al.12 give the first serious 
attempt at a theory of polymer adsorption using a model 
which neglects the effect of polymer-polymer interaction 
and which employs “reflecting boundary conditions*, so 
that a random walk encountering the surface is reflected 
back into solution. The important contribution of this 
early work is that it established the basic picture of a 
polymer adsorbed at  an interface as a collection of loops 
extending into solution, trains running along the surface, 
and tails extending from the end of the polymer to the fiist 
surface contact. 

A theoretical description of isolated Gaussian chains in 
the presence of an interacting boundary has been consid- 
ered by using both lattice random-walk and continuum 
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random-walk models. Rubin13 provides an extensive study 
of lattice random walks interacting with a surface for the 
full range of the surface interaction and calculates many 
of the important configurational properties of ideal poly- 
mers having no polymer-polymer interactions. By using 
a continuum analogue of the discrete random-walk model, 
Dolan and E d w a r d ~ , ~  de Gennes,14 Chan et al.,15 and 
LBpine and Cai11B16 also make important contributions to 
the theory of ideal polymers interacting with a surface. 
The simple random walk-surface interaction model cap- 
tures many of the qualitative features of surface interacting 
polymers, but the treatment of the polymer-polymer in- 
teraction greatly complicates the problem. 

The additional effect of the polymer-polymer interaction 
has been considered by a variety of methods that yield 
complementary information. Lattice calculations are es- 
pecially important because they allow the study of polymer 
adsorption in a manner where the model parameters can 
be carefully controlled. Hammersley et al.I7 determine 
some exact results for the connectivity constant of long 
self-avoiding walks on lattices. Bounds have been calcu- 
lated for the critical value of the nearest-neighbor surface 
interaction at  which adsorption occurs for infinite self- 
avoiding  chain^.'^-'^ Monte Carlozwz5 and direct enu- 
meration studies2e28 have been made for numerous con- 
figurational properties of self-avoiding walks attached to 
an impenetrable surface where the reference state is taken 
to have absorbing boundary conditions7 such that all 
configurations that return to the surface are excluded. 

Scaling theory provides a powerful heuristic technique 
of organizing predictions based on simple dimensional 
analysis in conjunction with reasonable hypotheses or 
empirical information from lattice chain or real polymer 
data. de GennesspB and others*32 have applied the scaling 
theory in conjunction with mean field arguments to discuss 
a wide range of interesting phenomena associated with the 
polymer-surface interactions, such as polymer adsorption 
on surfaces,29 between plates and in  pore^,^^^^' and onto 
colloid particles.32 Scaling functions cannot directly be 
calculated with this method but may be deduced indirectly 
by combining this approach with lattice simulation data. 
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Eisenriegler et al.19 determine semiempirical scaling 
functions in this fashion for polymers attached to a surface. 

The development of analytic theories of surface-inter- 
acting polymers has lagged behind the progress made with 
increasingly sophisticated Monte Carlo  simulation^^^ and 
mean field lattice model calculations34 which consider both 
the intermolecular and intramolecular excluded volume 
interactions as well as the polymer-surface interaction. 
Some early developments of the analytical theory include 
the self-consistent field calculations of Jones and Rich- 
m ~ n d ~ ~  to incorporate both polymer-polymer and poly- 
mer-surface interactions in the continuum model mean 
field approximation. Unfortunately, the self-consistent 
field machinery is very complicated, and only limited re- 
sults have been produced with this method. Many qual- 
itative results have been obtained by employing general- 
izations of the mean field lattice calculations in the style 
of Flory and Huggins. Examples include the work of 
Silberberg3‘j and H ~ e v e ~ ~  and the more recent work of 
Scheutjens and Fleer.34 

The renormalization group (RG) method allows for the 
systematic resummation of the standard two-parameter 
(TP) perturbation series of polymer-polymer excluded 
volume, and it is an important step in the development 
of a quantitative analytical theory of polymers interacting 
with a surface. Eisenriegler et al.19 use a RG method based 
on the polymer-magnet analogy to discuss the exponents 
which characterize the asymptotic scaling behavior of 
chains interacting with a surface. FreedB directly employs 
the equioalent TP model and calculates some basic radial 
properties such as ( R 2 )  and the end-vector distribution 
function for a polymer at an impenetrable reflecting sur- 
face where the polymer-surface interaction vanishes. 
E i~enr ieg ler~~ calculates some similar properties in this 
limit and also considers the concentration dependence of 
polymers near surfaces. Nemirovsky and Freed40 gener- 
alized the TP type approach, which has been traditionally 
employed in polymer science, to treat the full “double- 
crossover dependence” on the polymer-polymer and 
polymer-surface interactions where the polymer-surface 
interaction is treated exactly. The effect of excluded 
volume and concentration through the semidilute regime 
can be calculated, in principle, for almost any large-scale 
property of interest. In this paper we quote some im- 
portant results of Nemirovsky and Freed40 for isolated 
polymers in the proximity of an interacting, impenetrable 
surface and we provide some new results which are needed 
in our comparison with Monte Carlo data below. For 
example, we evaluate the important moment (El) for the 
average component of the end-vector distance perpendi- 
cular to an impenetrable surface. Our primary interest is 
in checking the consistency of RG predictions for basic 
configurational properties with available Monte Carlo 
simulation data for as wide a range of properties as possible 
before proceeding to the more complicated and practically 
important concentration-dependent theory. 

Polymer adsorption is a topic of very basic significance, 
and there are many good reviews which consider the topic 
from different perspectives. Takahashi and Kawaguchi41 
review relevant experiment techniques and the mean field 
type of approach to polymer adsorption. W h i t t i n g t ~ n , ~ ~  
Ba~mgar tner?~  and Barber and Ninham43 review the 
lattice self-avoiding walk model, while Weiss and Rubin& 
discuss random walks in the presence of barriers. A com- 
prehensive description of polymer and monomer adsorp- 
tion is given by Dickinson and Lal.45 

Section 2 describes the extension of the TP model to 
include a surface interaction. The phenomenological de- 
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pendence of the model parameters is qualitatively dis- 
cussed. Basic results for a Gaussian chain interacting with 
a surface are summarized in section 3, and these are gen- 
eralized in section 4 to incorporate the polymer-polymer 
excluded volume. Comparisons are presented in section 
5 with Monte Carlo and direct enumeration data, where 
the relation between boundary conditions for Monte Carlo 
and continuum theories is also discussed. Section 4 pro- 
vides a simplified description of the RG theory which 
stresses general principles rather than technical details. 
Only a familiarity with the standard TP model is required. 
As part of our comparison with the Monte Carlo data, it 
is necessary to identify the adsorption 0 point where the 
polymer-surface interaction vanishes. New criteria for 
determining this temperature are proposed in section 5. 
These criteria are independent of small-scale lattice details 
and are illustrated with available data. An approximate 
theoretical expression for the critical adsorption temper- 
ature is also obtained. Comparison is made between the 
properties of a polymer attached to an impenetrable sur- 
face and similar properties of a block within an AB diblock 
copolymer to quantitatively assess the extent of segregation 
in block copolymers. 

2. The Model 
The unperturbed model is a continuous Gaussian chain 

backbone perturbed by &function pseudopotentials. 
Phenomenonlogical parameters in this coarse-grained 
model are complicated functions of the detailed micro- 
scopic interactions. The hypothesis of universality, how- 
ever, leads us to expect that the microscopic details can 
be described in terms of the scaling variables derived from 
a minimal model, so that we expect to obtain a universal 
description of large-scale properties. Arguments based on 
the scaling and Mayer cluster t h e ~ r f l ~ ~  indicate that this 
type of universal description of long flexible chains with 
short-range excluded volume interactions is only to be 
expected in the limit of very long chains. Correction terms 
associated with the finite chain length for the polymer- 
polymer interaction are described e l se~here ,4~9~~ and sim- 
ilar contributions should arise in the case of the poly- 
mer-surface interaction. We confine attention to polymer 
chains that are sufficiently long to be reasonably well 
described by an idealized Gaussian under 0 conditions, 
where the effectiue polymer-polymer binary interaction 
van is he^.^^^^^ 

The continuous chain model configuration is specified 
by the position vector R ( x )  of the chain segment at a 
contour distance x along a chain of unit length No. For 
convenience, the position vector R(n) is written in terms 
of reduced units of the mean square end-to-end distance 
(R2)o,f of a free unperturbed chain 

r(x) = R(x)[d/(R2)0,f11/2 (2.1) 

with d the dimensionality of space in which the polymer 
is imbedded. The dimensionless configurational Hamil- 
tonian for polymer-polymer interactions and the poly- 
mer-surface interactions is then 
H/k,T = 

Bo + SI(polymer-polymer) + %,(polymer-surface) 
(2.2) 

where the unperturbed portion 

H o  = ( l / 2 )S1dx  0 (dr(n)/dxI2 (2.2a) 

reflects chain connectivity. The polymer-polymer inter- 
action for general n-body interaction equals48 
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1 
%I = f (zmo/m!)&'dxl ... s, dx, 

m=2 

where a/No is a cut-off introduced to exclude contributions 
from unphysical self-intersections of the chain. The m- 
body dimensionless interaction parameters are written as@ 

zmo = (d/2a12)d(m-1)/2P,0n08m, 
&, = m - ( m  - l)(d/2) ( 2 . 2 ~ )  

where 1 is the Kuhn length and Omo is the usual m-body 
cluster integral. The number of statistical segments no is 
related to the free chain end-vector distance (R2>of through 
the definition (R2)of = %Z2. Short-range correlations, such 
as the constraint against immediate reversal in lattice 
chains and restrictions on bond angles in real polymers, 
are implicitly absorbed into the definition of 1. Restricting 
( 2 . 2 ~ )  to m = 2 and m = 3 reduces the polymer-polymer 
interaction model to the three-parameter theory of Ya- 
m a k a ~ a . ~ ~  

The interacting surface is a hypersurface of dimension 
d,, and is embedded in a space of dimensionality d. A 
vector rii(x) is defined as the projection of r(x) onto this 
surface, and the projection onto an orthogonal surface of 
dimension d, (d = d, + d,,) is written as rl(x). Our model 
of the binary polymer-surface interaction is similar to the 
binary polymer-polymer excluded volume interaction 
given in (2.2) and is40,50 
%,(binary polymer-surface) = 

z,OL1dx 6d,[r,(~)](2 T ) ~ J ~  (2.2d) 

where the binary polymer-surface interaction z: is defined 
as 

= 2 - d, (2.2e) 

and where p: is the polymer-surface binary cluster inte- 
gral. The d, superscript of the 6 function indicates that 
its argument is a d,-dimensional vector. More generally, 
there are m-body polymer-surface interactions51 ( m  > 2) 
but these are marginal (m = 3) or irrelevant (m  L 4) in d 
= 3. For strongly adsorbed polymers, however, there is 
a "dimensional reduction" from d to dii dimensions, so that 
excluded volume effects become stronger. If d = 3 and d 
= 2, then the entire countable infinities of zmo and zSvm 
interactionsjl are, in principle, relevant in the adsorbed 
state (d = 2), reflecting the high density of a strongly 
adsorbed polymer.48 As a consequence we follow de 
Gennes14 and confine attention to "weakly adsorbed" 
polymers and to polymers with a repulsive surface inter- 
action. 

The influence of polymer-polymer and polymersurface 
ternary interactions should be generally small in the d = 
3 unadsorbed state, and estimates are given in ref 47 for 
z30 based upon free-chain experimental data and Monte 
Carlo simulation data. At the compensation points, where 
the effective binary polymer-polymer or the polymer- 
surface interactions vanish, these ternary effects may not 
entirely be negligible for some polymer properties. Pre- 
vious analysis with free chains shows that the influence 
of ternary effects, however, can be neglected4* when con- 
sidering ratios of related properties relative to the 8 ref- 
erence state, a procedure eliminating a large measure of 
the ternary effects. Interpretation of the binary interaction 
model is restricted to these reduced ratios, and the con- 

z,O = (d/2n12)d112p,0n0f~/2; 

ii 
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siderations regarding the relevance of ternary surface in- 
te rac t ion~~~ are the same as those for the polymer-polymer 
ternary interactions described in ref 47 and 48 for free 
chains. 

The qualitative phenomenological dependence of p," and 
82 can be deduced from a coarse-grained model of the local 
potential of the mean binary interaction. A minimal de- 
scription of the van der Waals interaction accounts for the 
fact that the interaction is dominated by a repulsive 
short-range hard core with a longer range attractive in- 
teraction. A simple model of B,O and pZo is provided by 
square-well potentials with hard core radii us and a2, ranges 
of attraction A, and A2 in units of u, and u2, respectively, 
and attractive potential well depths cp, and (pz in the energy 
units kBT. The theory of nonideal gases yields for these 
square-well p o t e n t i a l ~ ~ ~ ~ ~ ~  

p2/ld c: ( ~ ~ / l ) ~ [ l  - - l ) ( e f i  - l ) ]  (2.3a) 

p;/Zd, 0: (u , /Z )d l [ l  - ( A t ,  - l)(e+'e - l ) ]  (2.4a) 

The values of (pa and cpz which make p,O and &" vanish, 
respectively, are denoted 'pse, and c p 2 e ~ .  A similar depen- 
dence for pZo is found in the lattice self-avoiding walk 
model with nearest-neighbor  interaction^,^^^^^ where the 
potential range term (AZd - 1)  is replaced by a term in- 
volving the coordination number of the lattice. Equations 
2.3a and 2.4a, however, do not take into account the effects 
of chain connectivity and ternary interactions, which have 
an influence in determining the observed effective binary 
interaction. Elsewhere5j we will discuss how these con- 
tributions modify (2.3a). Equations 2.3a and 2.4a should 
then not be interpreted too literally except in the limit of 
large dimension or coordination number, where the con- 
nectivity effect becomes less important. 

The idealized interaction parameters (a2 and (pa in the 
square-well and lattice models obviously reflect highly 
coarse-grained models of the true complicated polymer, 
surface, and solvent interactions in real polymer-sol- 
vent-surface systems and cannot be given a literal mi- 
croscopic interpretation. For the limit of a shallow at- 
tractive interaction (p2, 'pa << 1)  (2.3a) and (2.4b) reduce 
to the standard  form^'^^^^ 
6; OC ( a 2 / l ) d [ l  - e F / q  + @(a2); OF = (A,d - 1) /hB 

(2.3b) 

P a o  a ( u , / l ) d L [ l  - e A / q  + @((p,2); 
eA = (dad, - i p B  ( 2 . 4 ~  

Despite the crudeness of this argument, the dependenc- 
es19,57,58 (2.3b) and (2.4b) on temperature are found to be 
good approximations [cpze(O, (p2")] for lattice polymers for 
pZo, p; > 0 when ( u ~ / Z ) ~ ,  ( U ~ / ~ ) ~ . L ,  OF, and 8, are taken as 
purely phenomenological parameters that are strongly 
dependent on the particular lattice considered. There is 
also evidence that (2.3b) holds for an empirical analogue 
of pZ0 over a wide t e m p e r a t ~ r e ~ ~ @ ~  range for many real 
polymers in solution where the lower critical solution 
temperature is much higher than the 0 temperature. 
However, the lattice simulations of Eisenriegler et al.19 
demonstrate that the value of e A  depends on the poly- 
mer-polymer interaction, and we must anticipate that the 
polymer-surface interaction is dependent on the poly- 
mer-polymer interaction. It is also possible that the 
polymer-surface interaction affects the Flory 8 point 6 F  
for the polymer-polymer interaction when chains are near 
the surface, so that the variation of the phenomenological 
counterparts of pZ0 and p,O is expected to be more com- 
plicated than in the case of a single interaction. These 
effects deserve to be more carefully studied in Monte Carlo 
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simulations and eventually in real polymer-surface sys- 
tems. 

A better understanding of the dependence of model 
parameters would be very useful because completely un- 
ambiguous tests between Monte Carlo calculations and the 
renormalization group theory could then be made over the 
full crossover range from self-avoiding to 6 chains and from 
absorbing to reflecting boundary conditions. In this work 
attention is primarily confined to the 6 point and high- 
temperature limits for universal ratios of long chains where 
there is insensitivity to these lattice details. 

3. Gaussian Chain Interacting with a Surface 
The statistical mechanics of long flexible Gaussian 

polymer chains interacting with surfaces has been studied 
extensively in both lattice and continuum theories.12-15 
Most of the qualitative features of polymer adsorption are 
described by this interesting reference theory. 

An extension of the TP perturbation theory to include 
a surface binary interaction proceeds by first expanding 
about a suitable reference state and then by employing the 
renormalization group to resum the resulting perturbation 
expansion to obtain a theory valid over a wide range of 
polymer-polymer interaction. Earlier renormalization 
group calculations by Kosmasso employ a double expansion 
in z,O and zzo. However, the perturbative expansions in 
2," is not necessary. Nemirovsky and Freed4, utilize as 
their reference state the Gaussian state theory already 
perturbed by the surface interaction. Only an expansion 
in zzo is required since the full surface interaction 2," de- 
pendence is retained from the outset. The reference state 
is defined by the canonical partition function4, Q(Ao) 
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where 3[r(x)] is the conformational measure. The variable 
z,O (see section 2) restricted to d, = 1 is denoted by 
z,"(d=3) = AO/r1l2,  in conformity with the notation of 
Nemirovsky and Freed.40 The general variable z," is used 
in reference to the perturbative surface interaction model 
of Kosmasso where d, is not a fixed paramter. When the 
surfaces are impenetrable, the integrations in (3.1) are 
restricted to those polymer configurations confined to the 
positive half-space with 1 0. The Hamiltonian 
%O(&) contains the usual 74, contribution of the full-space 
theory and a surface portion that can be specified alter- 
natively by providing the boundary conditions satisfied by 
polymer distribution functions on the surface. The model 
of (3.1) has d, = 1 and d,, = d - d,. Kosmas's approach,so 
on the other hand, chooses d, ,  = 2 and d, = 2 - t so that 
the theory involves a single e-perturbative parameter (see 
section 2) when polymer-polymer excluded volume is in- 
corporated into the theory. The availability of two dif- 
ferent approaches which are equivalent for d = 3 is useful 
when polymer-polymer interactions are introduced and 
approximations become a necessity. Here we focus solely 
on the d, = 1 model, while both approaches will be com- 
pared in a forthcoming paper. 

A. Distribution Functions and Boundary Condi- 
tions. The fixed end-vector partition function Go(r,r*,&) 
is defined in terms of the Hamiltonian ?Yo(&) of (3.1) as 

Go(r,r*,Ao) = lr(1)=r21[r(x)] exp(-7f0(&)/kBT) 
r(O)=r* 

and it satisfies the usual diffusion equation 

(& - y)Go(r,r*,Ao) = 6(r - r*)6(no) (3.3) 

supplemented by the boundary conditions 

(3.3a) 

and 
GLo - 0 (3.3b) 

as rl or r,* - m with Ir, - r,*l- m and for r ,  or r,* 
< 0. In the absence of boundaries, the free-chain Green's 
function Go(r,r*) is translationally invariant. Because of 
the indistinguishability of the chain ends the Green's 
functions with surface interactions are symmetric functions 
of their arguments Go(r,r*) = Go(r*,r), but the presence 
of the surface breaks the translational invariance of the 
full space, so that Go(r,r*) # Go(lr - r*l). 

The boundary conditions in (3.3) are discussed by de 
Gennes,14 but it is worthwhile to review their physical 
interpretation. If & = 0, eq 3.3a reduces to the Neumann 
boundary condition, which is utilized by Freed38 and by 
EisenriegleP for a reflecting wall where the flw of polymer 
through the wall vanishes. Attractive (A, < 0) and re- 
pulsive (& > 0) interfaces make the wall act, respectively, 
as a sink and as a source of monomers, corresponding to 
an excess or deficiency of polymer near the surface. An 
impenetrable repulsive wall has A,, >> 1, and (3.3a) tends 
in this case toward the Dirichlet boundary conditions 
where Go vanishes on the surface (because monomers are 
strongly repelled by the surface). An impenetrable at- 
tractive wall arises when & << -1, and the chain originally 
embedded in a d-dimensional space collapses to the d - 
1 dimensional surface as discussed below. 

Monte Car102@25 simulations introduce boundary con- 
ditions in a somewhat different fashion. They begin, 
following DiMarzio,' with the ensemble of chains in full 
space. Absorbing boundary conditions at a surface are 
introduced to remove those unwanted chain configurations 
that cross to r ,  < 0. The continuum approach, on the 
other hand, starts from an ensemble of chains already 
confined to r ,  L 0. The Monte Carlo absorbing boundary 
conditions correspond to A, - m. Lattice Monte Carlo 
calculations also introduce an attractive polymer-surface 
interaction for polymer segments that are nearest neigh- 
bors to the surface. A sufficiently large value of this pa- 
rameter corresponds in the continuum theory to a com- 
pensation point where A, - 0, and then the distribution 
functions approach those of reflecting boundary conditions. 
Of course, polymer-polymer interactions can be appended 
in both approaches as is done for full space polymers. 

B. End-Vector Distribution for an Impenetrable 
Surface. LBpine and Cai11lP derive the unnormalized 
end-vector distribution Go for an impenetrable interface 
in the absence of excluded volume. We summarize some 
of their results (generalized to d dimensions) since the 
Gaussian theory with full polymer-surface interaction 
provides our reference state for perturbative calculations 
in the usual z20 excluded volume parameter. The unnor- 
malized end-vector distribution Go(r,r*,Ao) factors into 
parallel GI,, and perpendicular G,O distributions as16s40 
Go(r,r*,Ao) = Gllo(rll-ril*,Ao)G,o(~,,~L*,Ao) (3.4a) 

(The factorization (3.4a), however, does not hold in the 
presence of the excluded volume interaction.) Gilo is 
unaffected by the interaction with the surface as may be 
anticipated on physical grounds, so Gila is a Gaussian 
distribution in d,, = d - 1 dimensions. The translational 
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invariance of the full space theory is broken along the r ,  
direction, and GL0 is given by16T40 
G,O = (2~)-'/~(exp[-(r, - r,*)2/2] + exp[-(r, + 

r,*)2/2]) - exp[Ao2 + 2Ao(r, + 
r,*)/2ll2] erfc [A,, + 2-ll2(r, + r,*)] (3.4b) 

where erfc is the error function complement. 
A "tail" chain has rl* = 0 and r ,  # 0. Then, the leading 

contribution to (3.4b) in the A,, - Q) limit of a strongly 
repulsive interface vanishes and GL0 becomes 
G,O(r,,O;A,,-+m) a exp[-rL2/2]r,A,,-l + O(A,,O-~) (3.5a) 

When both ends are anchored to the wall, the chain forms 
a loop, whereupon (3.4b) in the A, - Q) limit yields 

Glo(rl=rl*=O,A,,--) a Ao-2 + O(AC3) (3.5b) 

The 4 - -Q) limit of a highly attractive surface reduces 
the distribution G,O of (3.4b) to 
G,o(r,,r,*;Ao- --) a 

IAol exp(A,,' - 21/2Ao(r, + r,*))[l + O(&-')] (3.5~) 

The end-vector distribution C , of (3.54 decays expo- 
nentially when either end departs from the wall. As A, - -Q), no end is allowed to escape from the d,, = d - 1 
hypersurface, and the full chain is embedded in a (d - 
1)-dimensional space. 
C. Some Selected Properties of a Gaussian Chain 

Interacting wi th  a Surface. Our comparison with 
Monte Carlo data in section 4 is primarily concerned with 
the averages (R,") and (R,,"), which characterize the 
average projection of the end-vector distance perpendicular 
and parallel to the interacting plane. These properties can 
be calculated exactly for Gaussian chains with a variable 
surface interaction, and they provide an important refer- 
ence point when proceeding to the more general case of 
both variable polymer-polymer and polymer-surface in- 
teractions. We now summarize some basic resulta required 
below in our comparison of theory with Monte Carlo data. 

The mth moment (RIl,,") of the distribution Go for tail 
chains with rl* = 0 is defined by 

(Rll,,")O = 1 ddRIR ,, ,, ImGo(r,r* =O;&) / ddRGo(r,r*=O; bo) (3.6) 

These moments can be evaluated with (3.4) in closed form 
and are given in ref 40 for general 4. Since Gllo is the usual 
d - 1 dimensional Gaussian distribution, the (Rll")o are 
identical with their d - 1 dimensional full space values. 
Now we quote (R,"), in the interesting limits of A,, - m 
and A,, = 0, relevant for our comparison with Monte Carlo 
results 
(R,")o = [2(R2)o,,/d]m/21'[(m + 1 ) / 2 ] ~ - ~ / ~ ,  A0 - 0 

(3.7a) 

(3.7b) 

These limiting cases are very simply calculated from (3.4b) 
since for rl* = 0 and A,, = 0 (3.4b) is proportional to G,$ 
for a free chain and for 4 - (3.4a) becomes proportional 
to r,G,,P as indicated in (3.5a). Equation 3.7 and the 
discussion above yield the useful dimensionless ratios 

d/21' [ (m + 2)/2]/I'[(m + 1)/2], 

and for large m 

(R,")o = [2(R2)o,f/dl"/2r[(m + 2)/21, A,, - 03 

(R."(&--))o/(R,m(&=O))o = 
m = 1, 2, ... (3.8a) 

(Rim(&+-) )o/(Rlm(&=O))O N ( m ~ / 2 ) l / ~  (3.8b) 
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The following section discusses how the addition of the 
excluded volume interaction alters these results. 

4. Polymer-Polymer and  Polymer-Surface 
Excluded Volume Intergctions 

Nemirovsky and Freed" calculate a variety of properties 
for a polymer interacting with a plane surface where the 
surface interaction is treated exactly and where the TP 
model is used in conjunction with the RG method. Before 
summarizing the required results along with some new 
renormalization group calculations based upon the same 
model and before comparing with Monte Carlo and direct 
enumeration data, it is instructive to schematically review 
these RG calculations. 

A. Perturbation Expansions and Results of RG 
Theory. Expanding the polymer-polymer interaction 5Yy1 
(polymer-polymer) in (3.2) gives 

G(r,r*;&,z:) = Go(r,r*;Ao) - z 2 0 ~ 1 d x  s ' d x '  0 j d r '  

Go(r,r';l-~;AO)Go(r',r';x-x';A0)Go(r',r*;x';&)(2a)d~2 + 

independent of the particular geometry or surface in- 
teraction. The fixed end-vector partition function Go is 
obtained by solving the diffusion equation (3.3) subject to 
the boundary conditions associated with the confining 
geometry. The only apparent constraint against the direct 
application of the TP model with 22 # 0 for an arbitrary 
geometries is that the dimensions of the confining region 
must be larger than the mean polymer radius of the free 
chain.61 There are evidently numerous geometries, 
branching types, and polymer properties that can be 
considered based on this formalism. The main difficulty 
of these calculations is that the algebra becomes increas- 
ingly complicated as we proceed to more complex geom- 
etries and branching types. 

The RG theory calculations, based upon the expansion 
(4.1) proceed in the same fashion as for the free chain. 
Thus, any radial property P, such as the mean square 
end-vector distance (R2) for a polymer attached to a 
surface, is evaluated as a formal Taylor expansion in z20. 
Polymer properties P scaling as a radius to the pth power 
in the usual TP type perturbation expansion have the 
general form 

O[(z20)21 (4.1) 

(4.2) 

where GP is a Ao-dependent prefactor calculated for 
Gaussian chains and the expansion factor a$(z:) is defined 
as the perturbation series 

(4.3) 

with the coefficient C p  generally a function of &. Freed38 
gives a detailed discussion of this type of perturbation 
series for the mean square end-vector distances of a 
polymer attached to an impenetrable surface using G,O 
of (3.4a) for the limit A,, - 0. It is straightforward, but 
tedious, to generalize these calculations to the 4 - 03 limit 
using (3.5a). Fourier-Laplace trwsform methods greatly 
simplify the more general calculation of C p  as a function 
of &, and Nemirovsky and Freed40 thoroughly describe 
those techniques. 

The analysis of properties P for polymers in the prox- 
imity of a plane surface is identical with that for a free 
chain, aside from a minor generalization involving the 
renormalization (see ref 40 and the Appendix) of the 
surface interaction. In order to confine the technical 

P 
cYp(z2O) = 1 + cpz20 + O [ ( Z z O ) 2 ]  
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Table I 
Basic Radial Properties in  Limiting Situations 

Gaussian excluded volume prefactor 
polymer-surface condition (plane surface) property P prefactor" G, coefficientb d p  

Tail Chain (r,* = 0, r ,  # 0 )  
impenetrable reflecting surface (A = 0) (Ril') (d - l ) / d  (2r/33/2)t~c,d~e 

(R,') l / d  -('/3 + 2 ~ / 3 ~ / ' ) ~ , ~  

(R') = (R,') + (R1i2) 
(E,) (2/rd)'I2 4 In 2 - 2 - 2 ~ / 3 ~ 1 '  

(R11') (d  - l ) / d  (2 In 2 - 2 + 13d')t3d 
(R,') 2 / d  (2 In 2 - 2 - z C ) ~  
(R,)  (r/2d)'/' [-(2 In 2 - 1) + 11CId 
(R') 

( R ,  ) l / d  
(R,)  0 
(RZ) 1 0 

1 [ ( d  - l ) a ~  2 + UR 2]/d 
impenetrable absorbing surface (A - m) 

1 + l / d  [(d - 1)a~,,2 + 2 a ~ ~ 2 l / ( d  + 1) 
penetrable noninteracting surface (A = 0) or "free chain" ( R I I ' ~  ( d  - l ) / d  0 

0 
0 

Loop Chain (r,, r,* = 0)  
impenetrable reflecting surface (A = 0)  (R2)(loop) ( d  - l ) / d  (2 In 2 + l ) * s e  
penetrable non-interacting surface (A = 0) (2 In 2 - l)*,e 

"See eq 3.7 and 4.2. b C  

(R2)(loop, d ,  = 1) ( d  - l ) / d  
( R2) (10op)~'f (d - d,)/d 1 - Y - $(2 - d,/2) 

2 + 5l i z  In [(5'/' - 1)/(5'/' + l ) ]  = 0.051. CReference 38. dReference 40. eReference 39. 'A hyperloop is a loop 
where d, is not restricted to equal unity. Special cases are the loop ( d ,  = 11, ring ( d ,  = d ) ,  and the free chain ( d ,  - 0). 4 denotes the psi 
function and y is Euler's constant. 

discussion of the RG method to a minimum, we restrict 
attention mainly here to the A, - 0 and A, -+ m limits 
where the RG scaling analysis for properties P becomes 
identical with that of the free chain. These limits suffice 
for our comparison with Monte Carlo data in section 5. 

The RG theory shows that any arbitrary radial property 
P for a polymer having an endpoint in the proximity of 
an interacting plane surface has the scaling form40v62 

P = Gp(R2)fPl2[1 + dpu*X] + O(t2) (4.4) 

where (R2)f is the mean square end-vector distance of the 
perturbed free chain with the same polymer-polymer in- 
teraction. In general GP and dp are functions of the surface 
interaction, and X is a function of the binary interaction 
that is conveniently described in terms of a renormalized 
analogue of the variable z20 denoted by 2. To first order 
in t the crossover variable X is62 

X = [42/(6 - d)(d - 2 ) ~ * ] / [ 1  + 42/(6 - d)(d - 2 ) ~ * ]  
(4.5a) 

u* = t /8  + @(e2) (4.5b) 

where z is to be treated phenomenologically in exactly the 
same fashion as the z20 in the usual TP perturbation 
theory. The surface interaction A, is similarly replaced 
by a renormalized analogue A without the subscript after 
renormalization (resummation) of the theory. 

The perturbation expansion, however, is restricted to 
the regin-e 22 << 1 whereas (4.4) applies for all positive Z. 
The parameter u*, calculated from the RG theory, is seen 
from (4.5) to characterize the rate at which the dependence 
on the binary interaction saturates in the good solvent ( Z  
>> u*) limit where the prefactor [ l  + dp u*h] becomes 
insensitive to the binary polymer-polymer interaction. 
When .Z << u*, (4.5) reduces to the perturbation expansion 
(4.3).62 Equations 4.4 and 4.5 are the only results from RG 
theory we require, and a detailed discussion of the RG 
analysis and the derivation of these results is presented 
in ref 40 and 62. 

The calculations of Nemirovsky and Freed4, and of 
Wang et al.m indicate that (4.4) applies as well to a polymer 
confined between parallel plates, provided the plate sep- 
aration is larger than ( R2)f1/2. Moreover, it is very likely 
that (4.4) holds for any confined region if all the confining 
dimensions61 are larger than (R2)f1/2. The scaling form 

(4.4) is independent of the branching structure62 in lightly 
branched free-chain polymers (rings, stars, etc.) to order 
t ,  and this is thought to be true to all orders in t-pertur- 
bation theory.62 Thus, we expect (4.4) again to apply to 
these systems in the proximity of an interface. Equation 
4.4, thus, has substantial generality. 

B. Selected Properties for a Non-Gaussian Chain 
Interacting with a Surface. A tabulation of the prop- 
erties (R,), ( R L 2 ) ,  (Rl12),  and (R2) = (RL2) + (Rl12) is 
given in Table I along with the values of the coefficients 
Gp [see (3.11)-(3.13)] and dp which specify the property. 
The results for (RIl2) and (Ill2) for tail chains in the A 
-+ 0 and A -+ m limits are due originally to Freed38 and 
to Nemirovsky and Freed.40 Daggers in the table denote 
where simple algebraic mistakes are corrected from the 
original references. We have also computed the quantity 
(R, ), which is important in our comparisons with Monte 
Carlo data and direct enumeration data in the next section. 
Double daggers denote the results of calculations by Ei- 
~ e n r i e g l e r ~ ~  for a loop chain. 

Table I also summarizes properties of a penetrable 
noninteracting surface, which, of course, is equivalent to 
a free chain. The odd moments are notably zero in con- 
trast to the impenetrable-wall case. We also calculate (R2) 
for a polymer constrained to initiate and end on a dl, di- 
mension penetrable hypersurface (IL* = 0, rI = 0) where 
d, is not restricted to be unity as in case of the impene- 
trable surface calculations. The "loop chain" results (d , 
= 1) for the penetrable surface (A = 0) are given by Ei- 
~ e n r i e g l e r , ~ ~  but we generalize this to the case of 
"hyperloops" where d, is continuously variable. The ring 
and free-chain results are also special cases in the limits 
d, - d and d, - 0, respectively. A suggestive corre- 
spondence with the impenetrable tail chain limit A + m 

[see Table I] is found by considering the formal limit d, 
-+ -1 for the hyperloop to obtain GR2(hyperloop) = (d  + 
l ) / d  and from the definition of the # function, aR2(hy- 
perloop) = 2 In 2 - 2 + We mention also that for the 
A - 0 and A - m limits we have (R2)(tail;zzo=0;A+m) 
= (R2)o(hyperloop;d,=l) and (R2)(tail;A=O) = (R2)(hy- 
perloop;d,=O). An increase in A seems t o  correspond in 
some rough sense to a decrease in d, if the tail chain 
interacting with a surface is visualized in an effective sense 
as a free-chain hyperloop with continuously varying d,. 
In other words, a decrease in A implies effectively a greater 
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Table I1 
The Exponent y, Q - (g /q )"nY- '  

7 - 1  
(random 

walk) y - 1 (self-avoiding walk) 
Free Chain 

lineara c/8 + ( 1 3 / 4 ) ( ~ / 8 ) ~  + O(c3) 0 

hyperloops -d,/2 
f-arm starb (c/16)[2 - (f - l ) ( f  - 211 + O ( 8  0 

(variable d,) 

d,  = d  
(2)  d,, = 2, 

(1) ring,' -d /2  - €14 + 0(c2) -d /2  

(2 - d ) / 2  + O(t2) (2 - d ) / 2  
d , = d - 2  
(3) "loop -'/2 + 6/16 + O(c2) -'/2 

(4) d, = 2 -1 + O(c2) -1 
chain", d, = 1 

taild 
A - 0  
A 4 . W  
loopd 

A d 0  
A - m  

taile 
A 4 0  
A--m 

A - 0  
A a m  

loope 

Impenetrable Surface 

3e/16 + (27/8)(c/8)' + O(c3) 0 
-'/2 

-'/2 

-'/2 + c/8 + (9/2)(c/8)' + O(c3) 

- l J 2  + 3c/16 + (13/8)(t/8)2 + O(2) 
-3/2 + +6 + ( 3 1 / 8 ) ( ~ / 8 ) ~  t O(C? 

c/8 + (13/4)(6/8)' + Oh3) 
-'/2 + €18 + 0(c2) 

- ' / 2  + e/16 + 0(c2) 
-3/2 + e/16 + O(?) 

-3/2 

Penetrable Surface 

0 
-'/2 

- ' I2  

-3/2 

References 62 and 64. References 66. References 65 and ac- 
cording to ref 85: y(ring) - 1 = -dv. See also ref 8b. dReference 
79. eSee text. The calculation of KosmasW for d,, = 2 and uariable 
d ,  gives ?(tail, z,O - m) = -c/4 + O(c2) for a penetrable surface in 
the self-avoiding limit. 

propensity for the chain to return to the d,, = d - d, 
dimensional hypersurface. 

C. The Exponent 7. Another property, which can be 
calculated with the TP model, is the exponent y, which 
characterizes the number of configurations Q of a polymer 
subject to the polymer-polymer and polymer-surface ex- 
cluded volume constraints. The number of configurations 
Q relative to those for a 8 chain scales as 

Q = l d d R  G(r,z,O) - n7-l (P/qP,  (4.6) 

where (R2)of  = nP, p is the effective coordination numberla 
of the self-avoiding walk, q is the coordination number for 
the random walk, and the subscript on the n is dropped 
when excluded volume is incorporated into the theory. 
The ratio p / q ,  which dominates the magnitude of Q, is 
strongly dependent on small-scale details and is not con- 
sidered here. 

Values of y obtained from (4.6) are given in Table 11 and 
are taken from a variety of sources. For comparison, y for 
the free-chain lineart2@ ringt3 and star polymerw are also 
tabulated. New results are also added for hyperloops (see 
section B). As mentioned before, the limits d, = d,  d, 
= 0, and d, = 1 correspond to a ring, to a free chain, and 
to a loop returning to a d - 1 dimensional virtual surface, 
respectively. The exponent y for a loop plays an important 
role in determining the order of the adsorption phase 
transition onto a d,-dimension hypersurface in the lattice 
theory calculations of Bir~htein.~' This connection arises 
because y is closely related to the probability of the walk 
to return to the hypersurface. For the special hyperloop 
dimensions corresponding to d,, = 2 and d, = 2 the ex- 
ponent y takes its Gaussian values to first order in t. 

Penetrable surface exponents y are easily deduced 
without recourse to direct calculations because when A - 

n - ~0 

0, the surface "disappears", becoming only a virtual one 
so that 

y(AA0,penetrable) = y(free chain) (4.7) 

In the other extreme where A - m there is no difference 
between an infinitely repulsive penetrable or impenetrable 
surface, and we must have 
y(A---;penetrable) = y(A--;impenetrable) (4.8) 
First order in RG calculations for the penetrable surface 
(d, = 1) with repulsive polymer-polymer and polymer- 
surface interactions support the prediction of these obvious 
limits.63 See comments in Table I1 however. 

Whereas the radial properties P are rather insensitive 
to the surface interaction for A > 0, the exponent y is seen 
from Table I1 to be very sensitive to the branching type 
and to the polymer-surface interaction. If r,* is large (r,* 
>> 1) rather than zero, then the free-chains result are found 
for both the penetrable and impenetrable surface. Thus, 
y depends on the proximity of the chain to the surface68 
and probably also depends on surface c u r ~ a t u r e . ~ ~  

Some caution must be taken when comparing t-expan- 
sion calculations with lattice data or real polymer chain 
data. First of all, the t-expansion method is perturbative 
rather than an exact treatment of the excluded volume 
interaction. Second order in t exponents must generally 
be evaluated in order to provide "reasonably good 
predictions". On the other hand, first-order calculations 
of the form (4.4) are generally quite accurate in predictions 
for the radial properties of linear unconfined polymers 
because (R2)f can be taken from order t2 calculations. 
Branched polymers, however, generally require a second- 
order calculation or the techniques of ref 62 to obtain a 
reliable estimate of the excluded volume prefactor coef- 
ficient dp. 

5. Comparison with Monte Carlo Simulation and 
Direct Enumeration Data 

A. Universal Dimensionless Ratios. A t  present it 
is not possible to measure the configurational properties 
of isolated polymers in the vicinity of a surface.6 Thus, 
our comparison with RG predictions is confined to Monte 
Carlo simulation and direct enumeration data. Table I11 
presents a selection of properties considered in the previous 
section for limiting values of the interactions A and Z. The 
direct enumeration data by Lax et al.26,27 for (RL2)'l2/ 
(R,), (R2)/(RL2),  and (R2)/(R,)2 with an absorbing 
boundary in the self-avoiding walk limit is seen to lie 
systematically in the range predicted between the A - 0 
and A - limits. No attempt has been made to extrap- 
olate these ratios to the infinite chain limit, and it is 
warned that many of the lattice calculations are for rather 
short chains (n I 14 links). Only the reproduction of 
qualitative trends can thus be expected. Data in the tables 
comes from the longest chains available in the various 
lattice simulation studies, and because of the uncertainty 
in the data, the estimates in Table 111 reflect precision 
rather than accuracy. 

If we ignore the difficulty in comparison due to  the 
shortness of the chains, the intermediate value of these 
ratios can be rationalized as arising from a crossover in the 
surface interaction. This crossover involves complicated 
transcendental functions in the exact calculations of 
Nemirovsky and Freed.40 The approach of Kosmas50 for 
the penetrable surface, on the other hand, produces a very 
simple analytical form in the +expansion perturbative RG 
theory for the crossover dependence on all of these prop- 
erties. We may adopt this form as a reasonable approx- 
imate description of the surface interaction crossover for 
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Table 111 
Dimensionless Ratios 

( R 2 ) " * / ( R ~ )  (Rz) / (Riz)  (R2)/(R,)' (RIm")/(R,) Y R ~  = (Rz)/(Rz)f  ys2 = (Sz)/(Sz)f ~ . 9 2 / y R 2  

Monte Carlo Simulation and Direct Enumeration Data (d = 3) 
self-avoiding walk and absorbing 1.15" 2.39" 3.17" 1.23" 1.22* 1.03b 0.89"s' 

boundary condition (A, z - 1.16" 2.37" 3.22" 
m) 1.18d 2.82d 3.95d 

self-avoiding walk and 1.27" 3.21" 5.20" 1.36" O.94"mc 
"reflecting boundary 1.25d 3.84d 6.01d 
condition" (A = 0, 2 - m) 

A - m, f -  a 

A = 0, Z - m 

A +  a, p = 0 
A = 0, Z = 0 

Theoretical Predictions for an Impenetrable Wall (d = 3Ie 
1.06 1.91 2.16 1.18 0.87 
1.26 3.53 5.33 1.07 
1.13 2 2.55 l.3g 4 / 3  1.03g 0.773 
1.25 3 4.71 1.571 1 

"Reference 27. The estimate 'pss~ = 0.8 is adopted for the tetrahedral lattice (see text). bReference 20. cThe value of (Sz)f / (Rz)f  = 0.135 
from ref 83. dReference 21. The estimate (c:* is adopted for the four-choice cubic latticez5. eSee Table I. 'Reference 71. gReference 70. 

the impenetrable surface. In the RG treatment of the 
Kosmas model for the crossover dependence on both 
polymer-polymer and polymer-surface interactions, we 
find (see Appendix) (d = 3, d, = 1, dll = 2) 

Gp = Gp(A=O) + [Gp(A--*m) - Gp(A=O)]X, + O(X,') 
(5.la) 

and for the prefactor coefficient 
dp = dp(A=O) + [dp(A+m) - dp(A=O)]X, + @(A:) 

(5.lb) 
X, = (A/6*)/(1 + A/6*) (5 .1~)  

where 6* is a function of the polymer-polymer excluded 
volume [see Appendix and (4.5)] which determines the rate 
a t  which the effects of the surface interaction saturates. 
The crossover variable A for the Kosmas model of a pen- 
etrable surface is slightly different than A for the impen- 
etrable surface model [see Appendix] when there is ex- 
cluded volume, but we ignore this slight difference here. 
If we adopt this approximate description of the crossover, 
then a value of A = 6* with large accounts consistently 
well for the intermediate values of the (R2)1/2/(Ri) ,  
(R2)/(Ri2) ,  and ( R 2 ) / ( R , ) 2  found in the direct enu- 
meration data. This suggests to us that this data is in the 
middle of the crossover for the surface interaction. 

Our RG calculations indicate that repulsive polymer- 
polymer interactions tend to decrease the dimensionless 
ratios in Table 111, whereas repulsive polymer-surface in- 
teractions tend to increase them. The variation of these 
dimensionless properties with A is stronger than the var- 
iation with z since the ratios of (R2),  ( R L ) ,  (RL2),  etc., 
eliminate the strong power-law dependence of these radial 
properties on 2. It is apparent that longer chains or ex- 
trapolation techniques are required to determine if our 
theoretical predictions are correct for these properties. 
Much longer chain [no - O(60 - lOo)unita] are considered 
in the Monte Carlo simulation data of Eisenriegler et al.19 
Unfortunately this high-quality data is normalized in such 
a way that the ratios given in Table I11 cannot be obtained. 

The Monte Carlo simulation of Clark and La120 for yR2 
= ( R2) / ( R2)f employs longer chains (no = 20 links), and 
the agreement with theory is better in this instance. Table 
I11 also includes the ratio yS2 = ( S2)/ ( S2)f for the radius 
of gyration, which exhibits an insensitivity to the surface 
interaction.I0 Assuming then that yS2 is a constant (in- 
dependent of 2 )  for large A enables us to estimate the 
important ratio ySZ/yR2. The direct enumeration and 
theoretically calculated values of ys/yR2 agree rather well. 
Data is included in Table I11 for the ratio (Rima") / ( R ,  ) 
where (RLma") is the average span characterizing the av- 

erage maximum distance ("thickness") of the chain from 
the surface. Calculations for the span of Gaussian chains 
are due to Rubin and we is^.^^ The RG prediction for this 
property has not yet been determined, but we note the 
same trend is found for this span ratio as with the data 
for the other dimensionless ratios. 

The advantage of considering the reduced ratios pres- 
ented in Table I11 lies in the fact that although ( R L ) ,  
(RL2),  etc., individually depend quite strongly on the 
particular lattice investigated, these ratios should become 
independent of lattice in the long-chain limit where the 
coarse-grained continuum model applies. This enables us 
to focus on universal polymer properties. 

B. Adsorption 0 Point. It is a more difficult matter 
to compare with available Monte Carlo data in the A - 
0 limit. Usual Monte Carlo simulations ~ h o o s e ~ " - ~ ~  the 
reference state for the surface interaction to be that pro- 
vided by absorbing boundary conditions where all walks 
that return to the surface are rejected from the ensemble 
averaging. A nearest-neighbor attractive surface interac- 
tion is introduced until gradually a compensation point 
is achieved where the polymer mimics the statistics of a 
reflecting barrier situated one lattice spacing from the 
impenetrable wall. This "adsorption 8 point" is com- 
pletely analogous to the 8 point eF obtained from intro- 
ducing a nearest-neighbor attractive interaction into the 
self-avoiding walk model. The usual 8 point occurs when 
the self-avoiding walks, biased by attractive interactions, 
mimic Gaussian chains over large length scales. Of course, 
in both instances there are t r o ~ b l e s o m e ~ ~ ~ ~ ~ ~ ~ ~  polymer- 
polymer and polymer-surface ternary effects for a! = 3 
which prevent the exact identification of 8 point chains 
and "adsorption 8 point" chains with idealized Gaussian 
chains and reflecting boundary conditions. The influence 
of these secondary effects is minimized by considering 
ratios of similar where a large measure of 
those ternary effects should cancel as they do for free 
polymers near the 8 point. The 8 point and the adsorption 
8 points can then be thought of as conditions where the 
effective binary polymer-polymer and polymer-surface 
interactions vanish, respectively. It is only when the in- 
teractions are considered in this effective sense that 
meaningful comparisons can be made between the binary 
interaction model and simulations or real polymer ex- 
perimental data. 

The 8 state of polymer-polymer interactions in Monte 
Carlo simulation and direct enumeration calculations is 
defined as a critical value of cp2 at  which there is a pro- 
portionality of (R2) to no or at  which the second virial 
coefficient vanishes. These conditions have no direct 
analogue for the polymer surface interaction. Usually the 
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critical value Cpse, is determined either from the adsorbed 
fraction of monomer units, which vanishes asymptotically 
for T > 8 A  in the limit no - m, or from closely related 
properties such as the average surface interaction energy 
per monomer unit,17 which likewise vanishes in the no - 
~0 limit for T > (see ref 19 for a discussion). Below we 
give a heuristic analytic method of estimating 'pse, based 
upon a generalization of the exact lattice chain theory with 
no polymer-polymer excluded volume. 

There is another possibility for locating 8 A  that does not 
require a knowledge of the specific small-scale model pa- 
rameters of the lattice. In a real polymer-solvent-surface 
system these small-scale parameters would be inaccessible, 
so it is desireable to have a means of determining the 
adsorption 8 point directly from large-scale observables 
as in the case of the polymer-polymer excluded volume 
interaction. At  the adsorption 8 point the surface 
boundary condition should become effectively reflecting, 
so that  pie^ can be determined by the condition that the 
dimensionless ratios in Table I are consistent with the 
theoretical predictions of a reflecting boundary. The use 
of this approach involves the assumptions that the influ- 
ence of the ternary interaction is small in these ratios and 
that the chains are sufficiently long to be described by the 
continuous chain model. To be confident with this ap- 
proach, several of these dimensionless properties should 
be used to see if a self-consistent definition of Cpse, can be 
determined. The value of q> should also agree in the 
infinite-chain limit with the estimate from the adsorbed 
fraction of monomer units. 

The latter idea is roughly illustrated in Table 111, where 
the estimate (P? = 0.25 is chosen as the compensation 
point value of the nearest-neighbor surface interaction on 
a four-choice cubic lattice as determined by M ~ C r a c k i n ~ ~  
based upon the vanishing of the adsorption fraction as cps - p?. Re.asonably good agreement is obtained with the 
continuum theory predictions for a reflecting impenetrable 
surface and the Monte Carlo simulations for this value of 
pa. [See Table 111.1 From a visual inspection of the direct 
enumeration data of Lax et al.,26,27 we estimate ~3 = 0.8 
for a diamond lattice, and again rather consistent agree- 
ment is found with the predictions for a reflecting barrier. 
More careful simulation data for a set of universal ratios 
is needed to determine if this provides an adequate loca- 
tion of the compensation point 'p?. Much longer chains 
are required than in the comparison given in Table 111, 
which is only a schematic test of our proposed criteria. 

Eisenriegler et al.19 give another method of determining 
Cpse, from large-scale observables that exploits the different 
scaling behavior of the radius of gyration above (( S2) 0: 
wv, where M is the molecular weight) and below 8 A  for 
infinite chains. For (pa > pae, the infinite chain is in an 
adsorbed state where the embedding dimension of the 
polymer effectively changes as d - d,,, and for T > 8 A  the 
chain is desorbed aside from the terminal point of at- 
tachment to the surface. There is likewise a discontinuous 
change of v as cps - 'p$ since it is a sensitive function of 
the confining dimension of the polymer. Eisenriegler et 
al.19 find the estimate of p? obtained with this criteria 
to be consistent with an estimate based on the average 
surface interaction energy per monomer unit. For @point 
chains this criteria cannot be used since (neglecting ternary 
effects) ve is independent of d. We now sketch a method 
of estimating cp: directly from small-scale lattice param- 
eters based on a heuristic generalization of the random- 
walk model where cp: can be estimated exactly. 

Polymer adsorption occurs when the enthalpic contri- 
bution of attractive polymer-surface contacts overcomes 
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the loss of configurational entropy of the free chain. An 
infiiite lattice polymer with no polymer-polymer excluded 
volume is found by Rubin13 to have the critical dimen- 
sionless nearest-neighbor polymer-surface interaction 

exp(cp,e") = q(free)/q(confined) 

where q is the coordination of the free chain in the absence 
of a boundary and q(confined) is the effective coordination 
number of the confined chain. Starting in d = 3 with a 
lattice of coordination number q3 having a surface of co- 
ordination q2, Rubin13 shows that the effective coordination 
number of the confined chain is the average q(confined) 
= (q3 + q 2 ) / 2 .  Since an adsorbed segment still has re- 
maining degrees of freedom to leave the surface, q(con- 
fined) is not to be identified with q2. The dimensionless 
configurational free energy per monomer unit of a free 
chain is In q3, so that (5.2) is simply a statement that a 
compensation point occurs when the monomer-surface 
enthalpic energy of interaction is equal to the entropy loss 
per monomer upon adsorption. The very important dif- 
ference between short-range correlations in the confined 
and unconfined states is not included in our arguments 
here, but the more general case is considered by Birsh- 
tein.67 Even without long-range excluded volume inter- 
actions the difference of short-range correlations between 
the confined and unconfined states can bring about large 
changes in the molecular dimensions. 

We know of no exact method of determining q? when 
polymer-polymer excluded volume interactions are pres- 
ent. A reasonable hypothesis is provided by a generali- 
zation of (5.2) for the adsorption of a d-dimensional 
polymer on an impenetrable d,, dimension hypersurface 
based upon the general principle stated above. Our 
plausible approximate extrapolation involves replacing the 
q in (5.2) by effective values to correct for excluded volume. 
This approximation is 

exp(v?) = 
qd(effective)/{[qd(effective) + qd,,(effective)] /2) (5.3) 

where q d  and qd,, are the effective coordination numbers 
of the d-dimensional polymer and d,, the dimension of the 
surface. For self-avoiding walks, qd(effective) is identified 
with &, the lattice connectivity constant. Rubin13 has 
generalized the discussion of adsorption onto d,, hyper- 
surfaces for hypercubic lattice and finds a more compli- 
cated dependence of 9? that depends, in general, on the 
probability for a random walk to return to the hypersurface 
for d, > 2. His results imply that (5.3) is not exact, but 
we nonetheless expect this heuristic expression to repro- 
duce the qualitative trend of varying the dimension of the 
embedding space and that of the adsorbing surface. 

Equation 5.3 leads us to expect a variety of interesting 
adsorption phenomena that may readily be tested by MC 
lattice simulations. For example, the case d >> d,, implies 
qd(effective) >> qd(effective) or a substantial change in the 
number of configurational degrees of freedom of the 
polymer upon adsorption, and (5.3) yields q? = In 2 for 
this case. The expected behavior of cbse, for high dimen- 
sions can be checked in the special limit of a random walk 
on a hypercubic lattice where q d  = 2d. Equation 5.2 then 
becomes 

exp(co,e*) = 2/(1 + d,,/d) (5.4) 

In the opposite limit where d,,  = d eq 5.3 implies 

(5.5) 
Adsorption (or "dimensional reduction") in a high-di- 
mensional space, when d,, = d ,  does not involve a large 
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change in configurational entropy, so that the critical value 
of pse, is expected to be quite small. 

An estimate of cpse, for a d = 3 self-avoiding walk 
bounded by a d = 2 surface is found from (5.4) as 

= ~ 3 / ( [ ~ 3  + ~211 /2  (5.6) 

where the asterisk denotes the special limit of self-avoiding 
walks. On a d = 3 cubic lattice72 it is found that p3 = 4.68 
and p2 = 2.64, and (5.8) gives the estimate cp? = 1.3, which 
is in reasonable accord with the estimatela Cpse, E (1.4,1.5) 
obtained by a direct enumeration study of the zeros of the 
partition function. [See Figure 2 of Middlemiss and 
Whittingt~nl~.] Self-avoiding walks on a face-centered 
cubic lattice interacting with a square lattice surface yield72 
p3 = 10.04, so eq 5.6 gives cpse, = 1.6 to be compared with 
the numerical estimatels p:A E (1.6, 1.8). Ternary in- 
teractions (see section 2) undoubtedly affect the value of 
p> so this accuracy is probably the best we can achieve 
with the simple approximation (5.6). Better agreement, 
however, is expected for higher coordination number lat- 
t i c e ~ . ~ ~  

The shift in ps between the self-avoiding walk pae, and 
Gaussian ps,oe~ emerges from (5.2) and (5.6) as 

A c ~ s  VP - ps,oeA = In ( ( ~ 3 / Q 3 ) / [ ( ~ 3  + & ) / ( q 3  + qdII 
(5.7) 

which is generally a small positive number. 
Finally, we mention the expected behavior of cps from 

(5.3) for a penetrable surface. Since q(confined) for a 
penetrable surface equals q(free), (5.2) and (5.3) become 
quite generally (d, = 1) 

exp(co,e") = 1 or pSe, i= 0 (5.8) 
for both self-avoiding and simple random walks. This 
criterion for penetrable surfaces, which is exact for random 
walks, is discussed by WhittingtonI3 and is supported by 
Monte Carlo data74 on a tetrahedral lattice. 

C. Adsorption Threshold. For finite-length chains 
it is important to distinguish between the adsorption 9 
point where A vanishes and the adsorption threshold 
characterizing a narrow range of the surface interactions 
where significant polymer adsorption occurs onto the 
surface. This can be understood by the analogy with the 
polymer-polymer interaction problem and polymer col- 
lapse. The onset of polymer collapse does not occur at the 
0 point for chains of finite length, but for d = 3 it occurs 
roughly 2 = -3u*/4, where (4.5) becomes singular. 
From arguments similar to those of ref 48, the condition 
for the adsorption of a 0 chain is then 

A = -6* (5.9) 
where (5.1~) becomes singular. Under 9 conditions A, = 
A (see Appendix A). Taking the surface binary cluster 
integral to have the phenomenological dependence (see 
section 2) @>/1 = (@,*/l)(T - eA)/T, where /3,*/l is a 
nonuniversal constant of proportionality, and using the 
definition of A in (3.1) imply the adsorption threshold 
TA[A(TA) = -6*] occurs for 
TA = e ~ / ( 1  + 6*/(@s*/1)(3/2)'~2n0"); 

&(Z - 0) = 7.; 6,* = 7#/2 (5.10) 

The "crossover exponent" +s and "fixed points" 6* are in 
general functions of Z for chains with excluded volume and 
this is discussed in the Appendix. For long but finite 
chains (5.10) becomes 

T A  = 0 A ( 1  - [6*/(ps*/1)(3/2)1/2]no-1~2) (5.11) 

so that the temperatures T A  and eA coincide only for in- 
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Table IV 
Comparison between Block Copolymer Interblock 

Interactions and Polymer-Surface Interactions 

YR2 YS2 
(Monte (Monte 

first order in e -yRz(RG) Carlo) -ys2(RG) Carlo) 
Impenetrable Surface 

(d = 3, d, = 1) 
A = 0, f + m 

A - m , f + m  1.18" 1.224 1.03" 
A - O , 2 = 0  1" 1 
A - + m , Z = O  1.33" 1.03" 

(d = 3, d, = 1) 
A = 0,Z - m l b  
A - m J - r m  1.13b 
A - + o , z = o  l b  
A - m , S = O  1.17b 

1.07" 

Penetrable Surface 

AB Diblock Copolymer (Equal-Length Blocks, d = 3) 

SA, f g ,  ZAB 4 m 1.06c 1.05d 1.02' i1.02d 
zm = 0 1' 1 1' 
SA = 0, Zg, S a  -+ m 1.08' 1.03' 

"See Table 111. bReference 78. cReference 75. dReference 77. 

finite chains. A shift of the type is found in the Monte 
Carlo data of Eisenriegler et al.19 (see Figure 18 of ref 19). 

D. Impenetrable Interacting Surface and a Di- 
block Copolymer. The configurations of a block within 
a diblock copolymer have been characterized in terms of 
idealized "segregated" and "unsegregated" models. One 
specific model7, of the segregated conformation is that the 
interblock interaction is similar to a polymer attached to 
an impenetrable surface. In this analogy an imaginary 
plane is visualized to be perpendicular to a line connecting 
the center of mass of the blocks and passing through the 
junction point between the blocks. Within this analogy 
the surface interaction parameter A is similar to the in- 
terblock polymer-polymer excluded volume interaction %- 
of the AB diblock copolymer. It is, therefore, of interest 
to compare the renormalization and lattice data 
results for the properties of a polymer attached to an im- 
penetrable surface with the corresponding properties of 
a block within an AB diblock copolymer. 

The properties ~ R z  and y,p for block copolymers can be 
defined as the ratios of the dimensions of block A within 
an AB diblock copolymer to the dimensions of a free chain 
of polymer type A of the same length and having the same 
2,. A variety of block copolymer properties and their 
crossover dependence are described in ref 75, and here only 
limiting situations are considered. For simplicity, we 
specialized to the case of blocks of equal length. Table IV 
shows that the maximum expansion relative to the free 
chain for the polymer confined to the surface or within the 
block copolymer occurs for large A (or 2,) and small Z (or 
2 ~ ) .  The absolute magnitudes of 7 R 2  for the block co- 
polymer and the tail polymer do not match that well, but 
the general trend is reproduced. A value of yR2 = 1.33 for 
the impenetrable surface is compared with the value YRZ 
= 1.11 for the block copolymer. Increasing t A  or A is seen 
to decrease yR2, so that an increase in Z (or %A) diminishes 
the influence of the polymer-surface or interblock inter- 
actions. This general principle is recognized in previous 
Monte Carlo s t ~ d i e s ~ ~ v ~ ~  for block copolymers and a similar 
principle is evidently operative for the polymer attached 
to a surface. The agreement between ysa in the two situ- 
ations is striking, and we conclude that RG theory qual- 
itatively supports the idealized segregated impenetrable 
surface model of the configutation of a diblock copolymer 
with highly repulsive interblock interactions. The block 

SA, ZB = 0, ZAB - m 1.11' 1.03' 1.02d 
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Table V 
The ExDonent Y: Comparison with Lattice Data 

yf = (lattice data) free chain rt W) 
5 - m  
Z - 0  

1.18' 
1 

1.16b 
1 

~~ 

71- 
yf(lattice 

impenetrable surface (d = 3) y,(RG) y,(lattice data) rll(RG) rll(lattice data) y1 - YARG) data) 
2 - m ,  A - 0  1.3lC 1.44 + 0.03d -0.430 
5 - 0 , A - 0  1 ,,ld I 1 2  
2 - m, A -  m 0.695c 0.69 f O.Old  -0.377c -0.39 k 0.03d -0.43ObzC -0.477d 
Z + 0, A - m ' 1 2  d J 2 d  - I 1 2  -0.475e 

-0.480' 

See Table 11. *Reference 74. Reference 79. Reference 19. e Reference 26. f Reference 28. 

copolymer Monte Carlo simulations by Tanaka et al. are 
of very high quality and the comparison between the RG 
theory and lattice chain data can be made with a greater 
degree of confidence. The agreement between the Monte 
Carlo data and the RG theory is most satisfactory, and we 
expect a similar level of agreement in the interacting 
surface problem once longer chains, no 2 0 (501, are con- 
sidered. 

Table IV also presents first order in e RG calculations 
for a penetrable surface based on the model of Kosmas,50 
where the surface interaction is treated perturbatiuely 
rather than exactly. A detailed discussion of these results 
will be given elsewhere, but here we note that the same 
competition between the effects of A and i is displayed 
as for the impenetrable surface and block copolymer data. 
The discrepancy between the value of yR2 for impenetrable 
and penetrable surfaces in the A - and i = 0 limit 
reflects the error introduced by a first-order t-expansion 
calculation. In this case an exact solution for = 0 and 
A -+ yields ~ R z  = 4/3, implying a 13% error in ~ R z  arising 
from the truncation of the e expansion to first order. A 
second order in e RG calculation for the Kosmas model 
gives a 7% error and higher order in E calculations converge 
uniformly to the exact limit.7s This type of comparison 
is very useful for evaluating the accuracy of the €-expansion 
procedure. More usually, when i # 0, the €-expansions 
and crossover structure are very similar, but the €-expan- 
sions tend to be asymptotic rather than convergent. To 
obtain useful results for the crossover it is necessary to 
determine the optimal order of truncation of the €-ex- 
p a n ~ i o n . ~ ~  

E. The Exponent y. Table V lists lattice data from 
various sources for the exponents ytail and ylmP for an 
impenetrable surface (denoted usually40 as y1 and yll, 
respectively) in various limits. This data is compared with 
second order in e RG predictions by Diehl and D i e t r i ~ h ~ ~  
for d = 3 ( E  = 1) in the corresponding limits. As noted by 
Eisenriegler et al.,19 the agreement of the lattice data for 
y1 and yll is good for the P - 0, A - m limit. Early direct 
enumeration studies by Lax et al.26327 and others on rather 
short chains are in accord with the more recent Monte 
Carlo estimates of Eisenriegler et al.19 Since Eisenriegler 
et al.19 have given an extended discussion of properties 
related to the free energy, the discussion here is brief. 

The situation for y1 at  the compensation point A - 0 
is less satisfying since a substantial discrepancy is found 
between the second-order RG result79 and the lattice datalg 
of Eisenriegler et al. It is not easy to rationalize this 
deviation as some kind of crossover effect since yl(theory) 
is strictly less than 1.31 for A > 0. The proposed exact 
values0 of y1 in d = 2 (neglecting ternary effects) is y1 = 
61/64, which again is less than 1.31. It is then difficult to 
argue that the effect is due to the chain being partially 
collapsed. We conjecture, however, that the very strong 

dependence of y1 on A (see Table V) for A = 0 could 
somehow be related to this large discrepancy. Polymer- 
polymer and polymer-surface ternary effectss1 should also 
be investigated to gauge their contribution to yl( A=O). 

6. Conclusion 
The effect of polymer-polymer excluded volume is 

added to the standard diffusion equation approach14 for 
describing the interaction of flexible polymers with a 
surface. Our general discussion indicates that this method 
can be applied to polymers embedded in numerous con- 
fining geometries with an interacting surface, the only 
restriction apparently being that the confining dimensions 
are larger than the mean size of the polymer. Lightly 
branched polymer properties can be studied with the 
standard Gaussian chain unperturbed model with idealized 
point interactions. The qualitative influence of poly- 
mer-polymer and polymer-surface ternary interaction is 
discussed, and methods are described that help to reduce 
the influence of these complicating effects. The two-pa- 
rameter model is then adopted as a restricted model of 
certain dimensionless ratios of properties. 

Our primary purpose in this paper is to compare the 
theoretical predictions of the two-parameter model in 
conjunction with the renormalization group (RG) with 
available Monte Carlo data before pursuing more difficult 
and practically important concentration-dependence cal- 
culations. Primary attention is confined to the relatively 
simple limiting situation of a long flexible chain attached 
at one end to a single flat impenetrable interacting surface 
in the limits of a repulsive and noninteracting surface 
interaction. Numerous results for these cases are tabulated 
based upon previous calculations, and some new results 
are added to make our comparison with lattice data rea- 
sonably complete. 

Dimensionless ratios of radial properties (e.g., ( R L 2 ) ,  
( R ,  ) , and ( R2) should assume universal values in these 
particular limits, and theoretical predictions are checked 
with available direct enumeration and Monte Carlo data. 
Data for short chains (n I 14) indicate qualitative con- 
sistency with the predicted RG crossover behavior when 
the surface interaction is repulsive. Some data for longer 
chains (n I 20) are more consistent with the theoretical 
RG predictions for the long-chain limit universal ratios. 
Obviously, longer chains need to be considered in Monte 
Carlo simulations to check the theory quantitatively, and 
only qualitative agreement between theory and available 
data is found for the properties we consider. Eisenriegler 
et al.19 in a complementary study have checked the re- 
normalization group theory against a Monte Carlo simu- 
lation of much longer chains (n = 60-100) and find very 
good agreement for certain universal properties related to 
the free energy. There are, however, some notable dis- 
crepancies between the renormalization group theory and 
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the lattice data, which we discuss. 
A description of the full crossover dependence of the 

lattice data is a more difficult matter than the simple 
idealized dimensionless ratios considered in this paper. We 
give a preliminary and largely heuristic discussion of the 
phenomenological dependence of the model variables in 
our theory with those in the lattice theory. Once these 
relations are established, a completely unambiguous com- 
parison between the renormalization group theory and 
lattice data can be made over the full range of the poly- 
mer-surface and polymer-polymer interactions. Much 
work remains to be done, and our discussion provides only 
useful preliminary sketches of the problems involved and 
the methods that are available to help solve them. 

An important part of this discussion concerns the rela- 
tion between the boundary conditions conventionally used 
in the lattice simulations and those which are employed 
in the continuum diffusion equation model. As part of our 
comparison with Monte Carlo data for a noninteracting 
impenetrable surface, it is necessary to introduce criteria 
for determining the critical value of the nearest-neighbor 
interaction, where the polymer-surface interaction van- 
ishes, in terms of large-scale observable properties in- 
volving the moments of the chain. This type of condition 
is analogous to the determination of the values of the 
polymer-polymer nearest-neighbor interaction, a t  which 
the effective polymer-polymer interaction vanishes, in 
terms of the scaling of the end-vector distance or the 
vanishing of the second virial coefficient (the conventional 
Flory 8 point). In order to establish the vanishing of the 
effective polymer-surface interaction, we require the 
self-consistency of the theoretical predictions with re- 
flecting boundary conditions for as large a set of direct 
observables as possible. A nonrigorous method is also 
introduced to estimate this adsorption 8 point from the 
connectivity constant of the full lattice and that of the 
interacting surface based upon a heuristic extension of 
exact lattice calculations for polymers with no polymer- 
polymer excluded volume. The results of these analyses 
give encouraging self-consistent predictions which need to 
be studied in simulations employing longer chains to de- 
termine the quantitative limitations of these methods. 
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Appendix: Excluded Volume Dependent Surface 
Interaction Crossover Exponent and  Adsorption 
Threshold 

The main text avoids becoming enmeshed in the tech- 
nical details of the RG theory. Here we use the theory to 
explain the excluded volume dependence of the surface 
interaction crossover exponent and the adsorption 
threshold. Some difficulties, associated with the RG 
predictions for the crossover exponent, are briefly dis- 
cussed. 

First, following the standard RG scaling analysis (see 
ref 40 and 62) a renormalized surface interaction A is 
evaluated for the impenetrable surface in the form 

A a (d/2?r12)'~2/3sn4~(z) (AS) 
where 0, and n are related to the unrenormalized (bare) 
variable @' and no through renormalization factors.& To 
first order in the %ossover exponent" @,(z) is calculated 
by Nemirovsky and Freed40 to be 

&(Z) = 7 2  - (t/16)X + @(e2) (A.2) 

Macromolecules, Vol. 19, No. 7, 1986 

Diehl and D i e t r i ~ h ~ ~  evaluate 4, through second order in 
the Z - m limit as 

c$,(Z-~)  = 7 2  - 6/16 + [(16r2 - 39)/8](6/8)* + 0(t3) 
(A.3) 

When i - 0, b,(z) of (A.2) reduces to &(Z=O) = 1/2 given 
in (2.2e). 

A difficulty with the series (A.3) is the alternation in sign 
and the fact that the second order in t contributions are 
larger than the first order ones for d = 3. It is, therefore, 
dangerous to draw any meaningful conclusion from such 
a series unless subjected to some kind of resummation 
procedures1 or optimal order truncation. This type of 
ill-behaved series for the crossover exponent occurs rather 
generally. In the presence of both binary and large ternary 
interactions the crossover exponent & for the polymer- 
polymer interaction gives2 unphysical (r$2 negative) results 
in d = 2 to second order in the preturbation expansion 
associated with the ternary interaction. These 6 expansions 
appear to be characteristically ill-behaved and the matter 
deserves further study (see ref 48). There is a typo in the 
expression for r$2 given in ref 48b. The sign in front of (4 
t3/11) should be negative. 

Monte Carlo simulation data for an impenetrable and 
penetrable surfaces supports a value of bS = v in d = 3 for 
self-avoiding 

& = 0.59 f 0.02 (impenetrable surface19, d = 
3, self-avoiding walk) (A.4a) 

4, = 0.59 f 0.02 (penetrable surface74, d = 
3, self-avoiding walk) (A.4b) 

Kremer [see ref 841 gives the estimate C#J~ = 0.4 f 0.02 for 
the penetrable surface in d = 3, and this work should be 
consulted regarding the large discrepancy. However, in 
d = 2 a value of $I* = 'Iz is found for a penetrable ~urface,'~ 
so the agreement may be fortuitous. Eisenriegler presents 
evidence that $B = 'I2 for Gaussian chains in d = 3. Al- 
though the RG theory to second order in 6 does not predict 
the observed dependence of 4, quantitatively, there is at 
least qualitative agreement with the general trend found 
in the lattice data. 

KosmasM has introduced a model of a polymer inter- 
acting with a penetrable surface, based upon a perturba- 
tion theory for the polymersurface interaction, that is very 
similar to the TP theory of polymer-polymer excluded 
volume. Applying the Gell-Mann-Low RG theory to the 
Kosmas model of a penetrable interacting surface leads 
to a double crossover in A and i that will be described 
elsewhere.'* In close analogy to the polymer collapse [see 
(5.1)], the condition for adsorption becomes (d, = 1; d,, 
= 2; 

A = -a*; A = Ao(1 - X)1/4 (A.5) 

= t = 1) 

where 6*(Z)  to first order in c equals78 
S*(Z) = (~ ' /~/2)(3X/4[1 - (1 - X)3/4]] (A.6a) 

and 
6*(Z+) = 60 = (7r'/2/2) (A.6b) 

S*(i-m) 3?r1/'/8 (A.6c) 

The limiting fixed point values in (A.6b) and (A.6c) were 
determined previously by Kosma~.~O An extra factor of 
dI2 occurs in (A.6b) and (A.6c) because of difference be- 
tween the A and z," scaling variables. Interestingly this 
predicts that the critical value of the surface interaction 
at  which adsorption occurs is reduced by a repulsive 
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polymer-polymer interaction. Note also that in the 
Kosmas model that & to first order in e and e = 1 is as- 
ymptotically 

4.dZ-m) = Y8 (A.6d) 

which is different than (A.2) derived for the impenetrable 
surface and for d, = 1. More generally, the Kosmas model 
for variable d, and dll = 2 yields 

&(Z-m) = 3 4 3  + O(r2) (A.6e) 

A trivial generalization of the Bray-Moore-de Gennes 
conjecture [see ref 841 gives for &(E - m) 

&(~+m) = 1 - d,v (A.7a) 

and for d,, = 2 
&(~+m) = 1 - (d - 2)v (A.7b) 

Equation A.7b agrees with (A.6e) to order E and (A.3) is 
consistent with (A.7a) with d, fixed at  unity. The €-ex- 
pansions for & can therefore be quite different depending 
on whether or not d, is taken as a fixed quantity. 
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ABSTRACT An expression for the partition function of ring polymers is derived for the treatment in which 
bond lengths and bond angles are kept frxed and only dihedral angles are variables. When there are n rotatable 
backbone dihedral angles in a ring polymer, only (n - 6) of them are independent and the values of the remaining 
six angles can be determined as functions of (n - 6) angles chosen as independent variables. The conformational 
energy E is then a function of these ( n  - 6) independent variables. However, the partition function is not 
given as an  integral of exp(-bE) over the space of the (n  - 6) variables. In fact this integral depends on the 
choice of (n  - 6) independent variables, while the correct partition function should be independent of the 
choice. The derived expression is independent of the choice of independent variables. 

The theoretical method of conformational energy  
analysis has been applied successfully to m a n y  problems 
of biopolymers,  including proteins and peptides.' The 
method has been developed to calculate not only  confor- 
mat iona l  energy but also conformational en t ropy  b y  for- 
mulating the method of calculating the partition function.2 
When bond lengths and bond angles are kept fixed and 
only dihedral angles are treated as variables i n  such 
analyses,  r ing polymers  require special considerations, 

because not all of the backbone dihedral angles are inde- 
pendent. When there are n rotatable backbone dihedral 
angles in a ring polymer,  on ly  (n  - 6) of them are inde- 
pendent and the values of the remaining six angles can be 
de te rmined  as func t ions  of the (n - 6) angles chosen as 
independen t  variables. The problem of expressing de- 
pendent d ihedra l  angles as explicit functions of inde- 
pendent dihedral angles was solved p r e v i ~ u s l y . ~  Therefore, 
conformational energy E is then given as a function of the 
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